INTRODUCTION
Given a set D of positive integers, the distance graph G(Z , D) has all integers as vertices, and two vertices are adjacent if and only if their difference is in D; that is, the vertex set is Z and the edge set is {uv : |u − v| ∈ D}. We call D the distance set. This paper studies chromatic and circular chromatic numbers of some distance graphs with certain distance sets.
The circular chromatic number of a graph is a natural generalization of the chromatic number of a graph, introduced by Vince [15] as the name "star chromatic number." Suppose p and q are positive integers such that p ≥ 2q. Let G be a graph with at least one edge. A ( p, q)-coloring of G = (V, E) is a mapping c from V to {0, 1, . . . , p − 1} such that q ≤ |c(x) − c(y)| ≤ p − q for any edge x y in E. The circular chromatic number χ c (G) of G is the infimum of the ratios p/q for which there exists a ( p, q)-coloring of G.
Note that for p ≥ 2, a ( p, 1)-coloring of a graph G is simply an ordinary p-coloring of G. Therefore, χ c (G) ≤ χ (G) for any graph G. Let G be a graph which is not a null graph. On the other hand, it has been shown [15] that for all finite graphs G, we have χ(G) − 1 < χ c (G). Applying a result of de Bruijn and Erdős [6] , this can be proved also for infinite graphs. Therefore, χ (G) = χ c (G) if G = N n . In particular, two graphs with the same circular chromatic number also have the same chromatic number. However, two graphs with the same chromatic number may have different circular chromatic numbers. Thus χ c (G) is a refinement of χ (G), and it contains more information about the structure of the graph. It is usually much more difficult to determine the circular chromatic number of a graph than to determine its chromatic number.
The fractional chromatic number of a graph is another well-known variation of the chromatic number. A fractional coloring of a graph G is a mapping c from I(G), the set of all independent sets of G, to the interval
For any graph G, it is well known that where ω(G) (respectively, α(G)) is the clique (respectively, independence) number of G which is the maximum size of a pairwise adjacent (respectively, non-adjacent) vertex subset of V (G).
and χ(S, D) denote the clique number, the independence number, the fractional chromatic number, the circular chromatic number and the chromatic number of the distance graph G (S, D) , respectively.
For different types of distance sets D, the problem of determining χ (Z , D) has been studied extensively, see Refs [4, 5, 7, 9, 10, 12, [16] [17] [18] [19] . For instance, the case that D contains at most three integers were studied by Eggleton, Erdős and Skilton [9] , Chen, Chang and Huang [5] , Voigt [16] , Deuber and Zhu [7] , Zhu [18] , and at last completely determined by Zhu [19] .
Given Note that it becomes an easy case if [14] ). Therefore, throughout the article, we assume m ≥ (s + 1)k.
The following table shows all results concerning the distance graph G(Z , D m,k,s ). Note that the value of χ f (Z , D m,k,s ) is determined in Ref. [14] and some value of χ(Z , D m,k,s ) is determined in Refs [8, 14] . Also, all values of χ c (Z , D m,k,s ) are given in this paper, which also implies the results of
Note that when m ≥ (s + 1)k with b = 0 and d > 1, we only know that
MAIN RESULTS
In the study of the chromatic number of the distance graphs G(Z , D m,k,s ) with distance sets D m,k,s = {1, 2, . . . , m}\{k, 2k, . . . , sk}, Liu and Zhu [14] obtained the following result on fractional chromatic numbers, which asserts a lower bound for the circular chromatic numbers and chromatic numbers (by ( * )). [14] k [14] k [14] a = 0 m+sk+1 s+1 [14] 
Conditions of parameters
χ f (Z , D m,k,s ) χ c (Z , D m,k,s ) χ(Z , D m,k,s ) m < (s+1)k km+sk+1 s+1 d = 1 m ≥ (s+1)k b = 0 m+sk+1 s+1 [14] m+sk+1 s+1 d > 1 ≤ m+sk+2 s+1 a = 0, b = 0 m+sk+2 s+1 m+sk+1 s+1 +1
THEOREM 1 ([14]). For positive integers m, k and s with m
Liu and Zhu [14] also gave an upper bound of χ(Z , D m,k,s ) as follows. 
LEMMA 2 ([14]). For positive integers m, k, s with m
≥ (s + 1)k and d = gcd(k, m + sk + 1), χ (Z , D m,k,s ) ≤ d m + sk + 1 d(s + 1) .
By Lemma 2, it is clear that if
d(s + 1) | (m + sk + 1), then χ(Z , D m,k,s ) ≤, m + sk + 1), if d(s + 1) | (m + sk + 1), then χ c (Z , D m,k,s ) = χ(Z , D m,k,s ) = m + sk + 1 s + 1 .
Note that Theorem 3 only gives the values of
to be an integer we only need (s + 1) | (m + sk + 1).
Next, we show that if 
is an integer, it suffices to show that χ( 1 , x 2 , . . . , x s+1 }, where x 1 < x 2 < . . . < x s+1 , the difference x i+1 − x i of two consecutive vertices in C is called a gap. Note that there is at most one gap greater than m and all other gaps are equal to k. Suppose there is a gap greater than m + 1 and all other s − 1 gaps are equal to k. Let the first vertex x 1 = i and the last vertex x s+1 = j.
Therefore, all gaps are equal to k or exactly one gap is equal to m + 1 with the others equal to k. Then C is of the form {i, i + k, i + 2k, . . . , i + sk} (where each number is calculated modulo m + sk + 1).
Let u = 
It follows that either (1) j x = j y and 0 < a i x − a i y ≤ s, or (2) j y = j x + 1 and m − s ≤ a i y − a i x < m . In case (1), we have 0 
The following lemma is useful in determining the circular chromatic numbers of the distance graphs G(Z , D m,k,s ). 
